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Abstract 

We construct liftings of reduction maps from CM points to supersingular points for general 
quaternion algebras and use these liftings to establish a precise correspondence between 
CM points on indefinite quaternion algebras with a given conductor and CM points on 
certain corresponding totally definite quaternion algebras. 

1. Introduction 

Let F be a totally real number field and let 5 be a quaternion algebra over F. Let G = Res^/Q B x 
be the algebraic group over Q associated to B x . Let Af be the finite adeles of Q. 
For an open subgroup H C G{Af) that is compact modulo the center let 

X(G,H) = G(Q)\G(Af)/H. 

This is a finite set. In the case when H = R x for some Oi^-order R in B, the map b i— > (b ■ R) n B 
identifies X(G, H) with the set of 5 x -homothety classes of locally principal fractional right i?-ideals 
in B. When B is not totally definite, the reduced norm nr: B — )• F induces a bijection 

X(G,H) ^ nr (B X )\F X /nr(H) 



by the strong approximation theorem |Vig80[ p. 81]. Moreover, the norm theorem }Vig80 Thm.III.4.1] 



implies that nr(Z? x ) is precisely the subgroup of elements A € F x such that X v > for all places 
v | oo of F where B is not split, i.e., where B v 9^ M2(F V ). On the other hand, if B is totally 
definite, then X(G,H) is a genuinely non-commutative object, which shows up quite often in low 
dimensional arithmetic geometry (see, e.g., |Gro87] and [Rib90] ) . 

Next, let K be a totally imaginary quadratic extension of F that embeds into B. Fix an embed- 
ding K <—t B. If T = Resx/Q K x is the associated rational torus, we get a corresponding embedding 
T^G. Define 

CM(G,H) = T(Q)\G(A f )/H. 
This is now an infinite set with an obvious projection map 

7r: CM(G,H) -> X(G,H) (1) 

In addition, it is equipped with a left action of T(Af) with finite orbits. Using Artin's reciprocity 
map recj< ■ T(Af) = K x — » Gal^ whose kernel equals the closure of K x in K x , we can also view this 
action as a continous action of Gal^. We shall thus refer to it as the Galois action on CA4(G, H). 

As suggested by the notation, such sets are most frequently occurring as sets of complex multipli- 
cation points, or special points, on certain Shimura varieties. Assume for instance that B is split 
at a single place v \ 00 of F, say v = v L corresponding to an embedding 1 : F — > K. Let X be the 
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Shimura curve of level H attached to B. It is an algebraic curve over the reflex field lF, and 

CM(G, H) ~ G(Q)\ (G(A f )/H x G(Q) • r) C X(C) = G(Q)\ (G(A f )/H x (C - R)) 

is the set of special points with complex multiplication by K in X. In this formula, we have fixed 
an isomorphism B — M2(R) to define the action of G(Q) on C - R, and r is the unique 

point on the upper half-plane whose stabilizer is K x = T(Q) under this isomorphism. These special 
points are defined over the maximal abelian extension of lK in C, and the above Galois action is 
the natural one (this follows from the definition of Shimura varieties). In this setting, the projection 
map is almost the projection to the set of connected components of X, namely 

CM{G,H) X(C) -» n (X{C)) = G(Q)\ (G{A f )/H x {±1}) = G(Q)+\G(A f )/H. 

Here G(Q) acts on {±1} by the sign of iodet: G(Q) -> M x , and G(Q) + is the kernel of this action. 

Reduction maps. There are similar but more interesting maps to consider. For instance, let v 
be a finite place of F such that B v ~ M2(-F w ). Then our Shimura curve has a natural model 
over the corresponding local ring, the special fiber of which contains a distinguished finite set of 
supersingular points and this finite set of points may be identified with a set X{G',H') as above, 
where G 1 is the algebraic group over Q associated to the totally definite quaternion algebra B 1 over 
F which is obtained from B by changing the invariants at v L and v (see, e.g., |DR73| and [KM85] 
for B = M2(Q), and |Car86j for the remaining cases). If we choose an extension of v to the maximal 
abelian extension of lK in C then each CM point extends to the corresponding local ring. Moreover, 
if v does not split in K, these extended points reduce to supersingular points on the special fiber 
and one obtains a reduction map 

red: CM{G,H) -> X(G\H') (2) 

that is described in |Cor02j and Section H if B = M 2 (Q) and in |CV05j for the remaining cases. On 
the other hand, if B is ramified at v, there is a similar description for the reduction map with values 
in the set of irreducible components of the special fiber of a suitable model of X via Ribet's theory 
of bimodules. We refer to [MollObj for a survey of such maps, and to [MollOaj for applications to 
the determination of explicit equations for certain hyperelliptic Shimura curves. 

Given such a reduction map, it is expected that the Galois orbits in CM.{G,H) tend to be 
equidistributed among the finitely many fibers of the reduction map red. Such equidistribution 
results are already known in various cases [MicQ4j . |CV05j . |HM06] . [JK10] . [MollObj and were 
crucial in the proof of Mazur's non- vanishing conjecture by the first author and Vatsal [Cor02j . 
|Vat02j . |CV07j . 

Our contributions. We propose a simple strategy to reduce the study of the arithmetically inter- 
esting reduction maps (|2]) to that of the more straightforward projections ([I]). In all cases, there is 
indeed a natural Gal^-equivariant map 

9: CM{G,H) -+CM{G',H') 

such that red = 7r o 6. Thus, for any Gal^--orbit T in CA4(G, H) and any point s € X(G',H'), we 
obtain to-l surjective map 

9: mred -1 (s) T' n tt -1 (s) 

where V = 6(F) is a Gal^-orbit in CM{G',H') and k = k(T) = \F\ / \T'\. 

This paper essentially implements this strategy when H = R x for some Eichler 0^-order R in 
B. The algebraic description of 9 (and also of red = tt o 9) is given in Section [3.21 in a more general 
setting following the conventions of [CV05| . The size of the Galois orbits (and thus also the constant 
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k above) is controlled by a simple invariant that is defined in Section \3. 31 together with a refinement: 
these are the coarse and fine conductors c g and c/, respectively. The number of Galois orbits with 
a prescribed fine conductor is also given there using elementary local computations that are carried 
on in Section [2j Our main result, Theorem 13.11 then describes the restriction of to the fibers of 
the fine conductor map. If we furthermore restrict 9 to a given fiber of red and it, we obtain an 
explicit correspondence between certain sets of CM points on two distinct quaternion algebras, a 
special case of which is used in [JK10| and thoroughly explained in the final section. Another case 
of our main theorem is used in [MollOa] and [MollOb] to compute explicit equations for Shimura 
curves with no cusps. 

2. Review of quadratic orders 

Only for this particular section, Of will be a Dedekind domain with fraction field F. Let K be 
a semi-simple commutative -F-algebra of dimension 2, i.e., K~FxF or K is & quadratic field 
extension of F. Let Ok be the integral closure of Of in K. The map which sends c to O c = Of+cOk 
is a bijection from the set of all non-zero ideals c C Of onto the set of all 0p-orders in K. It is 
well-known that all such orders are Gorenstein rings. We refer to c as the conductor of O = O c . 

2.1 Quadratic lattices 

Fix a free, rank one -RT-module V. Let C be the set of all full Op-lattices in V. The conductor of a 
lattice A € C is the conductor c(A) of the Op-order 0(A) = {A G K : AA C A} = O c ( A ). It follows 
from [Bas631 Prop. 7. 2] that A is a projective rank one c (A)- m odule. Let [A] be its isomorphism 
class in the Picard group Pic(0 c (A))- Since any two Op-lattices in V are K x -homothetic precisely 
when they have the same conductor and define the same class in the relevant Picard group, the 
map A h-> [A] induces a bijection 

K x \C^[_\Pic(O c ). (3) 

c 

When Of is a local ring with maximal ideal pp, Pic(0p«) = {1} for all n, so the above bijection 
becomes 

K X \£~N, K X A h-> n(A), (4) 
where n(A) is the positive integer for which c(A) = p F ^. 

2.2 The action of K x on £ x C 

Assume that Of is a discrete valuation ring. We will describe the orbits of K x acting diagonaly on 
C x C. 

A K x -invariant of C 2 . There is an invariant K X \C 2 -» (K X \C) 2 ~ N 2 , given by 

x = (A, A") ^ n(x) = (n(A'), n(A")) . (5) 

There is another invariant K X \C 2 -» GLf(V)\£ 2 ~ ©2\Z 2 that describes the relative position of 
two lattices. It maps x = (A', A") to the unique pair of integers inv(a;) = € ©2\Z 2 for which 

there exists an F-basis (e±, e<i) of V such that 

A = F e x F e 2 and A" = p%a p%c 2 - (6) 

The, distance function. This latter invariant is related to the distance function on the set of vertices 
V = F X \C of the Bruhat-Tits tree of PGLp(V): if v' and v" are the images of A' and A" in V, 
then dist(y' ,v") = \ii — i 2 \- Since K X \C = N, also K X \V = N. In other words, the function n 
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on C descends to a function n: V — > N whose fibers V(k) = {v G V: n(v) = k} are precisely the 
AT x -orbits in V. We claim that also V(k) ={»eV: dist(v, V(0)) = k} for all k G N. To prove this, 
first note that V(0) is a convex subset of V, namely a single vertex if K is an unramified extension 
of F, a pair of adjacent vertices if K is a ramified extension of F, and a line in the building (i.e. an 
apartement) if K = F x F. 

Now, let v be any vertex in V(k). Then v is represented by A = O p fc e for some AT-basis e of 
V. For ^ j ^ k, let t>j € V be the i ?x -homothety class of Aj = pJ e G £. Then Vj G V(j) and 

(wfc, ffe-i, . . . , uo) is a path of length k from u = to the vertex «o of V(0). Therefore dist(t>, V(0)) = 
j for some ^ j ^ k, and the convexity of V(0) implies that the jth term in our path, namely Vk-j, 
should already be in V(0). Therefore k — j = and dist(u, V(0)) = k. 

Counting the K x -orbits. Finally, fix (n',n") G N x N, (11,12) G Z x Z and let 5 = \i± — ^l- It 
follows from the above considerations that the projection C -» V induces a bijection between 

C(n' ,n";ii,t2) = {x G K X \C 2 s.t. n(x) = (n',n") and inv(rc) = {21,22}} 

and the set of K x -orbits of pairs (v',v") G V x V such that 

dist(u', V(0)) = n, dist(v", V(0)) = n" and dist(u', v") = 5. 

If for instance n' ^ n", the choice of a vertex v' G V(n') identifies the latter set of K x -orbits with 
the set of all vertices v" G V(n") at distance 5 from v'. Using then the above description of V(0), it 
is a simple combinatorial exercise to prove the following: 

Lemma 2.1. If Op/pF is finite of order q, then C(n', n"; 11,12) is finite of order 

N{n' , n" , 5) = \C(n', n"; 11,12)] with 6 = \i± — 12] ■ 
Moreover N(n' , n" , 5) = unless one of the following conditions holds: 

i) 5 = \n' — n"\ + 2r for some ^ r < min(n', n"). Then 

N(n',n",5) = i 1 , * '= = °' 

ii) K is an unramified extension of F and 5 = n' + n" . Then 

N(n',n",6) =q m ' m{n '' n "\ 

iii) K is a ramified extension of F and 5 = n' + n" + s with s G {0, 1}. Then 

' g min(n',n") if s = 1 or min(n', n") = 0, 

(q - i) 9 min(n',n")-i if s = < min(n',n // ). 

iv) K ~ F x F and 5 = n' + n" + s with s G N. Then 



N(n',n",S) = 



N{n',n",5) 



1 if min(n', n") = = s, 

2 if min(n', n") = < s, 
(g - 2)g min ( n '' n ")- 1 if min(n / , n") > = s, 

2(q - l)^min(n',n")-l if m i n ( n ' ; n " ; s ) > Q. 



3. Adelic constructions of the lifting and the reduction maps 
3.1 Notation and preliminaries 

We now switch back to the notation in the introduction, where F is a totally real number field, B 
is a quaternion algebra over F, K is a totally imaginary quadratic extension of F and t: K <^-> B is 
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an embedding. We denote by Ram fB the set of all finite places of F where B does not split. Let S 
be a finite set of finite places of F that satisfy the following hypotheses: 

H.l. B is unramified at every v £ S, i.e., Ram fB C\S = 0, 

H.2. \S\ + | Ram/(5)| + [F : Q] is even, 

H.3. Every v € S is either inert or ramified in if. 

Hypotheses H.l. and H.2. imply that there exists a unique (up to isomorphism) totally definite 
quaternion algebra B$ over F ramified exactly at the finite places Ram f(B) U S. Hypothesis H.3. 
implies that K embeds into B$- We fix once and for all such an embedding tg : K ^4 B$- We let 

G = Res F / Q B x , G s = Res F/Q Bg and T = Res F / Q K x . 
3.2 Adelic construction of the map 9s 

Following Cornut and Vatsal (see |CV05t §2.1]), we consider the following locally compact and 
totally discontinous groups: 

T(A f ) = (if® a,)* = nx x 

G(A f ) = (B®A,)* = nX x and G(S) = (U'v^s B Sv) x ILesr-F*- 
G 5 (A,) = (BsOA/)" = n'B| )U 

The restricted products on the left are the usual ones defined by the arbitrary choice of an integral 
structure on the algebraic groups, whereas the restricted product on the right is induced by that of 
Gs(Af). These topological groups together fit in a commutative diagram 



G(A f ) 




T(A f ) G(S) 




Gs(A f ) 

where i and l$ are the continuous embeddings induced by their algebraic counterparts, where its is 
the continuous, open and surjective morphism 

which is induced by the identity on Bs, v for v S and by the reduced norm mcs,v '■ Bg v — ► F* for 
v € S. Finally, the continuous, open and surjective morphism 

cPs: G(A f ) = fl^B? x UvesB* - U' v ^ >v X ft^Ff = G(S) 

is again induced by the reduced norm nr„ : B* — >• i* 1 ,* for v € S 1 , and by well-chosen isomorphisms 
6*5^: S„ -^=4 i?^^ for w ^ S whose choice is carefully explained in [CV051 §2.1.3]. 

Topological properties and Galois action. We use the above commutative diagram to let T(Af) 
act on G(Af), Gs(Af) and G(S) by multiplication on the left. Let T(Q) be the closure of T(Q) in 
T(Af), and recall that class field theory yields an isomorphism of topological groups 

Art^: r(A,)/f(Q) ^4Ga$. 
We thus obtain continuous Gal^-equivariant maps of topological Gal^-sets 

T(Q)\G(A / ) ^> Tm\G(S) T(Q)\G 5 (A / ). 
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These maps are also respectively equivariant for the right actions of G(Af) and Gs(Af). For a 
compact open subgroup H of G(Af), define H(S) = 4>s{H) and H$ = TTg 1 (H(S)). We now have 
Gal^-equivariant maps of discrete Gal^-sets 

Tm\G(A f )/H ^ Tm\G(S)/H(S) ^ T^)\G s (A f )/H s 
and the above its is a bijection by construction of H$. Since 

CM(G, H) = T(Q)\G{A f )/H = T(®)\G(A f )/H 
and similarly for Gg, we obtain a Gal^-equivariant map of discrete Gal^-sets 

9s = 7r s 1 o<p s :CM(G,H)^CM(Gs,Hs). 
UH = il v H v in G(Af) = U' v B* , then H s = U v H S ,v in G s {A f ) = U' v B£ v with 
Hs,v = 4>v{H v ) for v £ S and H s , v = nr^ (m v (H v )) for v G S. 
In this case, the map induced by 6g on the Gal^-orbit spaces, 

6 S : Galf \CM(G, H) -> Galf \CM(G S , H s ) (7) 
has a purely local description, namely 

9s = (0s, v ) : nx x \^ x /#„ nx x \bzjh 8 , v ^ 

where is the bijection induced by 0s, v '■ B v — ^ B$, v fo r v & S, and equals 
KZ\B*/H V ^ nr v (K?)\F?/nr v (H v ) % KZ\B*jHs, v 

for v £ S. 

The construction of the map #s also gives us a reduction map 

reds : CM (G, H) X(Gs, H s ) (9) 
defined by reds := vr o 6*5, where 7r: CM(Gs, Hs) — > X(Gs,Hs) is the natural projection map. 

3.3 Fine and coarse conductors 

We now specialize the above constructions to the case H = R x for some Eichler Op-order R in B 
that will be fixed throughout. The level of R is a nonzero integral ideal of Op that we denote by 
n. We also choose two maximal Op-orders R' and R" in B such that R = R' n R" . Then Hs = R$ 
where Rs is an Eichler Op-order in Bs whose level rig is the prime-to- S-part of n. We also obtain 
two maximal Op-orders R' s and R' s in Bs such that Rs = R' s n R' s . For a finite place v of F, 
Rs,v = &s,v(Rv) if v $l S while Rs, v is the unique maximal order of Bg, v if v G S. Explicitly, 

Rs = {b G B s : Vv i S, 0jj,(6) G R v and Vv G 5, m s , v (b) G Op,,} . 

We have a similar explicit description for R' s and R' s . 

Definitions. For any finite set of places T of F, let T{T) be the monoid of integral ideals of Op 
that are coprime to the places of T. The fine conductor is a Gal^-invariant map 

Cf : CM(G, H) -> Z(Ra m/ 5) x Z(R am/ 5) (10) 

that is defined as follows: given a CM point x = [g] in CM(G,H) = T(Q)\G(Af)/H, consider the 
images x' and x" of x in T(Q)\G(A f )/Rf X and T(Q)\G{A f )/R!' X , respectively. The intersection 
if fl gR'g' 1 is an Op-order in K that depends only on the Gal^-orbit of x and whose conductor 
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c(x') is an Oi?-ideal that is prime to Ram/ B. Similarly, we obtain an integral ideal c(x") C Of for 
R". One then defines Cf(x) := (c(x'), c(x")). The coarse conductor map 

c g : CM(G, H) -> X(R am/ 5) (11) 
is defined as c g (x) = c(x') n c(x") C Of. The stabilizer of x in T(Aj) = K x is then 



Staba 



X 



and the field if(x) that is fixed by the stabilizer of x in Gal^* is the ring class field K[c g (x)] of 
conductor c g (x), i.e., the abelian extension of K fixed by recx(if x C Cg (a;) )■ 
Similarly, we define the fine and coarse conductors 

c s>{ : CM(G S ,H S ) ^l(R&m f B s ) 2 and c<?, g : CM(G S , H s ) X(Ram/ B 5 ). 
Note that if y = 9s(x) then c(y) is the prime-to-S 1 part of c(x). We thus have a commutative diagram 



CM{G,H) 



G&\$\CM(G,H) 



■l(R&m f B) 2 

Os 



(12) 



CM(Gs,H s ) Gal% \CM(G s ,H s )—^l(Rtim f Bsy, 

where the map Qs sends I G Z(Ramy f?) to its prime-to-5 part Is G Z(Ram/ -Bs). 

ZocaZ analysis. The right-hand square of this diagram can be analyzed by purely local means: it 
is the restricted product over all finite primes v of F of one of the following diagrams: 



Case 1: v Ram/ B U S. 



KZ\B*/R*- 
e s ,v 

Kv X \BL/R X s, 



N x N 
id 

N x N 



Case 2: v G S. 



Case 3: v G Ram/ i? 



K*\B*/B*- 
9s,v 



N x N 


-»-0 



KZ\BlJRl v ^- 

Here, for * G {0, 5}, the map n^ v sends K*g v R* v to the pair of integers (n',n") such that 
n gvR^vdv 1 (resp. fl gvR'l v 9v l ) ls * ne or der of conductor p™' (resp. p™") in O^, where pt, is 

the maximal ideal in Of v - 

These maps are related to the one defined in ([5]) as follows: fix a simple left -B^-module V irV , 

let C v be the set of all Of v -lattices in V* )t) and fix two lattices A' v and A" in C v that are fixed 
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by (R'+ V ) x and (R" v ) x , respectively. Thus, if (11,12) = inv(A^,A") as defined in © then we have 
|*l — i%\ = v ( n )i R* v 18 the stabilizer of (A^, A") G C v x C v and B* v acts transitively on the set 
£t)(«i,»2) of pairs of lattices (A', A") with inv(A',A") = (11,12)- Therefore, 

KZ\B*JR* V ~ KZ\C v (ii,i 2 ) (13) 

is contained in K*\£ v x Z^. The map n v that we have defined above on the former set is equal 
to the restriction of the map defined by ([5|) on the latter. In particular, the fiber of n v over any 
(n' , n") G N x N is finite of order N v (n' , n" , v(n)) as defined in Lemma 12 . 1 1 with q = N(v) the order 
of the residue field of F at v. 



3.4 A sign invariant 

In the three diagrams above, the vertical maps are surjective. In Cases 1 and 3, the restriction of 
the first vertical map to compatible fibers of the two horizontal maps is still obviously surjective. 
But in Case 2, it may be that such a restriction fails to be surjective. Since for v G S, 



K\B x s JR x Stt 



Z/2Z if K v /F v is unramified 
{0} otherwise, 



this occurs precisely when v G S is inert in K. Let thus S' be the set of all places v in S that are 
inert in K. For any such v G S' , the valuation of the reduced norm induces a projection 

K\B£/RZ -» NKZXFf/mW) = Z/2Z, 

as well as a bijection K*\Bg v / R$ v = Z/2Z. We thus obtain maps 

ip s >: CM(G,H) -> Galf\CM(G,H) -> ]J K*\B*/R* -> (Z/2Z)I 5 'I 

v£S' 

and 

jI>s>:CM(Gs,H s ) -> Galf \CM(G S ,^) - J] K*\B*JR* V (Z/2Zf\ 

ves' 

By construction, 995/ = ^5/ o #5. 

The map ips' admits a description in terms of lattices. Under the identification ()13p . the element 
K*g v R* corresponds to the pair of lattices (g v A' v , g v A"). Let y' and y" be the images of A^ and A" 
in the Bruhat-Tits tree V v = F*\£ v and recall from Section [2] that for all k G N, 

K(fc) = {y G V„ : n(y) = A;} = {y G V v : dist(y, y ) = 

where V«(0) = {j/o} since v is inert in K. Therefore, 

n(g v y') - n(y') = disi(g v y', y ) - dist(y',y ) = dist(g v y', y') = v(det(g v )) mod 2 

and similarly for y" . Note that the same argument also shows that 

n(y ) — n(y ) = v(n) mod 2. 

The map ipgi can thus be computed as follows: for x G CM(G, H) with Cf(x) = (V, c"), 

<p S '(x) = MO - n(K) mod 2) ve5 , = (v(c") - n(K) mod 2) veS , G (Z/2Z)I 5 'L (14) 

In particular, ifs> factors through the fine conductor map tf. 
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3.5 Statement of the main theorem 

Fix (V, c") G Z(Ramy B) such that v(c') — v(c") = v(n) mod 2 for every v G S'. Let e,s>(c', c") be the 
element of (Z/2Z)'' S 'I defined by the right-hand side of (TL1|) , Let c = c' n c" and let 

k = | Gal(tf [c]/tf[c s ])| [J N v (v(c'),v(c"),v(n)), 

where N v (n',n",S) is the function defined in Lemma 12.11 with q = N(v) being the order of the 
residue field of F at v. 

Theorem 3.1. By restriction, the map 9 s induces a surjective n-to-1 correspondence 

6 S : cjV.O -> Cs}(c' s ,c' s )n^(es'W,c")). 

By restricting to a subspace of the target space, we immediately obtain the following: 
Corollary 3.2. For any point s G X{Gg, Hg), the map 0$ induces a K-to-1 correspondence 

6 S : reds(s)- 1 D cf(c', c") -> tT 1 ^) n c^, 4) n Vj/ 1 (e S /(c' J c"))- (15) 

3.6 Computation of the fiber for the definite algebra B$ 

Before proving the theorem, we shall explain how to compute the right-hand side of the corre- 
spondence (fT5j) . Fix s G X{Gs,Hs) and some g G Gg(Af) above s. Then b i-> induces a 
bijection 

i?^\G 5 (Q)/T(Q) ^^(s), 

where i?s, 5 = gRsg -1 H -B5 is an Eichler order of level ns in On the other hand, the map 
b h-> ad (6) o i S induces a bijection 

Gs(Q)/T(Q) ^> Hom F _ alg (iC,5 s ) 

that is Gg(Q) = 5c-equivariant for the natural left actions on both sides. Combining these two 
identifications, we obtain 

tt-^s) * RX g \Rom F ^ lg (K,B s ). 

Let also R' Sg = gR'gg' 1 n B s and R Sg = gR'^g' 1 n 5s- These are maximal orders in Bs and 
i?5 )S = n R's g - Under these identifications, 

— The restriction to tt~ 1 (s) of the fine conductor map csj '■ CM{Gs-,Hs) — > X (Ram f Bs) 2 is 
induced by the R$ ^-invariant map 

c g SJ : Kom F _ alg (K,B s ) ^l(Ram f B s ) 2 

whose fiber over (c' s ,c'g) consists of the embeddings j : K — > Bs such that j~ 1 (R's g ) = 
and ) = O c », so that ^(Rg^) = Cs with c 5 = n 4. 

— The restriction to 7r~ 1 (s) of the sign invariant tf)g/ : CM(Gs, Hg) — >• (Z/2Z)' 5, ' is induced by 
the i?g ^-invariant map 

Hom F _ alg (^,i?5) J] Hom F( „)(K(<;),Bs(>)) — > (Z/2Z)I 5 'I, 
veS' 

where ¥(v), K(v) and Mg(v) are the residue fields of the maximal Op,, -orders in F v , K v and 
Bg v , respectively and sp is the natural specialization map. Moreover, the last bijection is the 
unique isomorphism of (Z/2Z)I S ' l-torsors that maps sp(ig) to tps'( s ) = (v(detg v ) mod 2) ve g'. 
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Remark 1. For a coarse conductor c 6 Z(Ramy £?) that is prime to the level n, we may replace the 
fine conductor maps by the coarse ones in the above statements since 

c/(c, c) = c g \c) and c^(c g; c<?) = c^(cs). 

In this situation, the right-hand side of Corollary 13.21 counts the number of -R^-conjugacy classes 
of optimal embeddings O cs •— > Rs that induce a given collection of isomorphisms K(v) — >■ B>s(v ) 
between the corresponding residue field at u E S'. If, in addition, S' consists of a single prime 
S' = {£}, one can remove this last condition by identifying the embeddings that are conjugated by 
the non-trivial automorphism of Gdl(K/F) = Gal(K(v)/F(?/)). 

Remark 2. For F = Q, one can interpret the right-hand side of (|15j) in terms of primitive repre- 
sentations of integers by ternary quadratic forms (see |Gro87l pp. 172-173] and |JK10|, Prop.4.2] for 
details). 

3.7 Proof of Theorem I3TT1 

To prove the theorem, let (c' s , c s ) E l(RauifBs) 2 be the prime-to-S 1 parts of (V, c") E X(RamjB) 2 . 
Consider the diagram 

Cf -y,c") ^Ga$ \cT l (c',c") 

nW n(2) 

C S,{ ( C S' c s) *" Gal^ \c 5 j;(c^, Cg) 

obtained from the first square of (|12p by restriction to the relevant fibers of Cf and c^f. Note that 
the vertical maps may fail to be surjective, but the local analysis of Section [2.21 shows that 

Lemma 3.3. The map ef maps Ga\f \cfVi c ") onto Gal K \ ( c s,f( c s> 4) n *l>sK e S>W, c "))) and 
moreover, it is k^-to-1, where 

k^ = HN v {v(c'),v(c"),v(n)). 

ves 

The same local analysis allows us to compute the number of Galois orbits of CM points with a 
prescribed fine conductor for each of the algebras B and B$'- 

Lemma 3.4. (i) The number of GaY$-orbits in CM(G, H) with fine conductor (c', c") E X(Ramj5) 2 
is hnite and equal to 

Af B (c',c",n) = 2 # ^ eRam /- B ' 1 ' inertinK > Yl N v (v(c'),v(c"),v(n)) , 

where the product is taken over all hnite primes. The number of CM points in each of these orbits 
is equal to 

h(c) = \Gal(K[c]/K)\ where c = c' n c". 

(ii) The number of Gal^-orbits in CA4(Gs, H$) with hne conductor (c' s , c s ) E Z{KamfBs) 2 is hnite 
and equal to 

NbsVsSM = 2#^ eRam /^> « inert in J] N v {v(c' s ),v(4),v(n)) , 

where the product is taken over all hnite primes. The number of CM points in each of these orbits 
is equal to 

h(c s ) = \Ga\(K[c s ]/K)\ where c s = c' s n cg. 
Theorem 13.11 now follows easily from Lemma 13.31 
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4. Application to Galois orbits of Heegner points on modular curves 

4.1 The modular curve Y (N) 

Let N ^ 1 be an integer and let S be a scheme over SpecZ [-^] . An enhanced elliptic curve (E, C) 
over S is an elliptic curve E over S together with a closed subgroup C that is locally isomorphic to 
the constant group scheme (Z/iVZ)^ for the etale topology on S. The modular curve Y = Yq(N) is 
a smooth affine curve over Spec Z [jj] that coarsely represents the contravariant functor mapping S 
to the set of isomorphism classes of enhanced elliptic curves over S. Here, we say that two enhanced 
elliptic curves (E±,Ci) and (£2,(72) over S are isomorphic if there is an isomorphism E\ E2 of 
elliptic curves over S that maps C\ to C2. We denote by [E, C] the S'-valued point of Y defined by 
an enhanced elliptic curve (E, C) over S. For S = SpecC, we have the usual isomorphism 

r (JV)\lj ^ Y(C) t 1 y [E T , C T ] (16) 
where f) is the upper half-plane, Tq{N) = | ^ d) ^ SL2(Z) : c = mod iV"| acts on t) by ^ ^ 
r = and £ T = C/ (1, r) with C T = (AT 1 , r> / (1, r). 

4.2 Isogeny classes 

Fix an elliptic curve £ over a base S. Let be the contravariant functor that assigns to an 

5-scheme T the set I(£t) 01 isomorphism classes of triples (E, C, 4>) where (E, C) is an enhanced 
elliptic curve over T and where 4> is an invertible element of Homj'(£ , /C, £t) <8> Q. An isomorphism 
between two such triples (£1, C±,cf)i) and (£2, ^2,^2) is an isomorphism of enhanced elliptic curves 
9: (E\,Ci) — > (E2, C2) such that fooO = 4>i, where 0: E\jC\ — >■ E2/C2 is the induced isomorphism. 
The group Aut^^r) of invertible elements in Endy(£r) = EndT(^T) ® Q acts on T(£t) by 

*-(E,C,<l>) = (E,C,ao<l>). 

If s € S" is a geometric point, the map (E, C, 4>) 1— >■ [E, C] yields a bijection 

Aut° s (£ s )\l(£ s ) ~ r(f a ) = {x € r(s)|x = [£,C] s.t. Hom«(£,4) + 0} C 

4.3 Lattices 

For a geometric point s of S 1 and a prime number p let T p (£ s ) be the p-adic Tate module of £ s if 
char(s) 7^ p and the covariant Dieudonne crystal of the ^-divisible group ^ s [£°°] if p = i = char(s). 
Let also f(£ s ) = \[ p T p (£ s ) and V{£ s ) = f(£ s ) <g> <Q>. If char(s) = 0, a lattice in V(£ s ) is any Z- 

submodule that is commensurable with T(£ s ). If char(s) = £, a lattice in V'(fs) = x V^{£ s ) is 

a submodule of the form x where is a Z^-submodule of V^(£ s ) that is commensurable 
with T^(£ s ), and where is a subcrystal of V£(£ s ). Here, 

zw = n^ P =nw) = n w)- 

p^£ p^£ 

Let £(£ s ) be the set of pairs of lattices (?i,f 2 ) in F(£ s ) such that f\ C f 2 and f 2 /fi ~ Z/NZ 
(thus if char(s) = £, T\ and T2 share the same ^-component, since I \ N). For (E, C, (ji) € 1{£ s ), we 
have morphisms 

f(E) ^ f(E/C) C V{E/C) A F(£ s ) 

and the resulting map 

(E, C, <j>) -> (</» o can (f (£)) , (t(£/C)) ) 
11 
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yields a bijection l(£ s ) — £>{£, s). Thus also 

Y(£ s )~Aut° s (£ s )\£(£,s). 

4.4 CM points as special points 

Let K be a quadratic imaginary field and let K ^ C be a fixed embedding. An elliptic curve E 
over a field F is said to have complex multiplication by K if End^(-E) is isomorphic to K. If F 
is a subfield of C, we normalize the isomorphism K ~ F,ndp(E) by requiring that K acts on the 
tangent space LieE'(C) through our fixed embedding K C. The conductor of E is the unique 
positive integer c(E) such that Endp(E) ~ Z + c(E)Ok inside End'p(-E) ~ if . A complex point 
x G ^(C) is said to have complex multiplication by K if x = [E, C] for some elliptic curve E over 
C with complex multiplication by K. The elliptic curve E/C then also has complex multiplication 
by K. The fine and coarse conductors of x are respectively equal to 

c f {x) = (c(E),c(E/C)) G N x N and c g (x) = lcm(c(£), c(E/C)) G N. 

We denote by CMk the subset of ^(C) thus defined and refer to its elements as CM points. Note 
that the bijection (|16p restricts to 

r (iv)\ (fj n K) -^U cm k t^[e t1 c t ). (17) 

Let t £ t) C~\ K satisfy the quadratic equation At 2 + Bt + C = where A > 0, A, B, C G Z and 
(j4,i?,C) = 1. One can calculate the fine conductor of [E T ,C T ] as follows: if A(r) = B 2 — 4AC is 
the discriminant modular function and if D < is the fundamental discriminant of K then (see, 
e.g., [Cox^9| §7]) 



c f [E T ,C T ] 



A(r) / A(7Vr) 



The point [i? T , C T ] is a Heegner point if and only if A(r) 
latter is equivalent to A \ N and (A/N, B, NC) = 1. 



D 



A(Nt). It is not hard to show that the 



4.5 CM points as isogeny class 

All elliptic curves over C with complex multiplication by K are isogenous. Fix one such curve E. 
Then (notation as above) 

CM K = Y(E) ^ K X \1(E) K X \£(E,C). (18) 
The fine conductor corresponds to 

<:/(?!, T 2 ) = (<:(?!), c(T 2 ) 

where for a lattice T in 1^(E), c(T) is the conductor of the quadratic order 

O c(f) = {seK: sf CT}. 

The O ^>-module T is thus free of rank one. 

c(T) 

4.6 The Galois action on CM points 

Let K ab be the maximal abelian extension of K inside C, and let Art/^: K x — ^ G&l(K ab /K) be 
the reciprocal of the usual Artin reciprocity. In other words, Artx sends uniformizers to geometric 
Frobenii |Mil06L p.90]. The main theorem of complex multiplication then says (see |Mil07[ Thm.3.10] 
or [Mil06l Thm.9.10]): 
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For any a G Gal(C/if) and any s G K x such that a\K ab = Art K (s) in Gal(K ab jK), there 
exists a unique isogeny A: E — > ctE such that for all y G V(E), A(sy) = cry in V(crE). 

Suppose now that x = C] belongs to CMk, corresponding to a pair of lattices (T±,T2) in 
jC(E, C) obtained from (E, C) by choosing s non-zero eft: E/C — > E. Fix <r, s and A as above. Then 
ax = [aE,aC] belongs to CM.R-, and it corresponds to the pair of lattices (sTi, ST2) for the choice 

cj)' = X- 1 o a<t>: oEjoC E. 

The bijection (118p therefore maps the action of a G Gal(C/iT) on CMk to left multiplication by 
s G K x on £(E, C). It follows that the field of definition of x G CM if is equal to the ring class field 
K[c g (x)] specified by the coarse conductor c g (x) of x. In fact, it is well-known that the corresponding 
point x G Y(K[c g (x)]) can be represented by an enhanced elliptic curve (E,C) over K[c g (x)]. 

4.7 The good reduction of CM points 

Let Q be the algebraic closure of Q inside C. Let t \ N be a prime. Fix an embedding n : Q Q^. 
Note that it determines a valuation ring O C Q whose residue field F^ is an algebraic closure of F^ 
and a place A of Q over £. Let X[oo] C K ah be the union of all ring class fields K[c\. For each c 
(including c = 00), let A c be the place of K[c] below A. Let 0[c] be the valuation ring of A c inside 
K[c] and let F[c] be its residue field. 

There are various equivalent approaches to the reduction theory of CM points at A: 

1. Reduction via properness. Let AT/s P ecZ[i/jv] be the smooth and proper compactification of Y 
constructed by Deligne-Rapoport [DR73] when iV is prime and by Katz-Mazur [KM85] in general. 
One gets a reduction map 

red: Y(K[c]) X(K[c]) ~ X{0[c}) ^> X(¥[c}), 
where the bijection X(i^[c]) ~ X(0[c]) follows from the valuative criterion of properness. 

2. Reduction via Neron models. For a point x G CMk with coarse conductor c = c g (x) write 
x = [E, C] for some enhanced elliptic curve (E, C) over K[c] with complex multiplication by K. 
Suppose first that E has good reduction at A c . Then (E, C) extends to an enhanced elliptic curve 
(S,C) over 0[c] where £/o\c\ 1S the Neron model of E. The special fiber of the latter gives a point 
red(x) = [£f[ c ],Cf[c]] i n ^(^[ c ])- If E does not have good reduction at A c , we know by |ST68[ Thm.7] 
that E acquires good reduction at A (and indeed everywhere) after a suitable cyclic extension of 
K[c}. We may thus define red(x) as the point corresponding to the special fiber of the Neron model 
of the base change of (E, C) to such an extension. This yields a well-defined reduction map 

red: CM K -> Y(¥ e ). 

The above two constructions give the same map on CMk with values in AT(F^). Since y(F[oo]) = 
X(F[oo]) n Y(F t ) in X(¥ e ), we have a well-defined map 

red: CM K ->■ Y(V[oo]). (19) 

For a more explicit construction of this map, we can also choose an elliptic curve E over if [00] with 
complex multiplication by K and good reduction at Aqo- Such a curve exists by the elementary 
theory of complex multiplication and by [ST68], Cor.l]. We then reduce CMk as the isogeny class 
y(E), as we shall now explain. 

3. Reduction maps for isogeny classes. Let S = Spec O with geometric points g = Spec Q and 
s = SpecF^. Let Sig be an elliptic curve. We will eventually take £ to be the Neron model of 
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an elliptic curve E with complex multiplication by K, but in what follows we will not make this 
assumption. The theory of Neron models implies that restriction from S to g yields bijections 

1(£) ^ l(£ g ) and End s (£) -=» End g {£ g ). 

Restriction from S to s on the other hand gives 

X{£) Z(£ s ) and Ends (5) ^ End s (£ s ). 

We get reduction maps red: C(£,g) — > C(£,s) (from left to right): 

£(£,g) ^- A£) -+ c(£,s) 

X{£ g ) X(£) -»• X{£ s ) 

V \~ "i" 

y(£ fl ) = Aut°(£ fl )\Z(£ fl ) ^ Aut°(£)\Z(£) -> Aut°(£ s )\X(£ s ) = y(£ a ) 

The map red: £(£,g) — > C(£,s) is induced by the natural isomorphism T^(£ g ) — ^> T^(£ s ) 
between the Tate modules away from £, together with a map 

red £ : C e (S,g) ^ C e (£,s) (20) 

from the set Ce(£,g) of Z^-lattices in Vi(£ g ) to the set d(£,s) of crystals in V^(£ s ). For X, Y G 
jQ(£, s), we set 

[X : Y] = lengths/A n Y) - length(Y/A n Y) 

where the length function is relative to the Z^-module stucture if u = g and to the V^-module 
structure if u = s (here, W := VF(F^) is the ring of Witt vectors of F^). Then for all X G C>t{£ , g), 

[T e (£ g ) : X] = [T e (£ s ) : red e (X)] (21) 

Indeed, we may choose a triple (E, C, <fi) G T{£ ) such that 

X = (j) (Te((E/C) g )) and red^(X) = (T e ((E/C) s )) 

and then both sides of (|2ip are equal to the exponent of I in the degree of cf>. 

4.8 The supersingular case 

If £ s is a supersingular elliptic curve, then 

{T l {£ s \F,V) ~{W' 2 wa^ ( ,G- x ) with n t = T J) € M 2 {W) 

where a is the Frobenius automorphism of W . We thus obtain 

Ct(E t ) ~ {^PF 2 C /C 2 : i G Z} 

where /C is the fraction field of W. In particular, the map (|20p is uniquely determined by (|21|) . 
Moreover, the endomorphism ring 

End (T £ (£ s ), F, V) ~ {x G M 2 (PF) : Tra^Tr -1 = :r} 

is the maximal Z^-order TL of a non-split quaternion algebra ,8 = 7£&)z £ Q^ over and S x ~ 1Z X xirf 
acts transitively on Ci(£, z). 



Remark 3. The reduction map (|20p is more difficult to analyze when £ s is an ordinary elliptic curve, 
especially when £ g does not have complex multiplication. 
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4.9 Matrices 

We choose a subgroup T' of T = Hi (5(C), Z) such that T/T' ~ Z/iVZ. We put V = T ® Q, 
£ = End Q (y) and 

R= {x £ B: xT' CT' and xT C T} , 
an Eichler order of level iV in L> ~ M2 (Q) . This gives rise to identifications 

T{£ g )~T{£,C)~T, K(f s ) ~F(5,C) ~y and 5 x /ii x ~ £(£,<?), 

where the last map sends b to (bT f , bT). Suppose that £ s is supersingular and let B^y = End°(£ s ), 
a definite quaternion algebra over Q with Ramj(L?{£}) = {£}. For p ^ E, the left action of 
on V^(f s ) ~ V p (£,g) ~ yields an isomorphism 8 P : B p ~ and the left action of B^y^ on 

V^(5 S ) yields an isomorphism Of. B ~ with as above. Put red(T',T) = (T' S ,T S ) and 



i? 



x € -B{^} : xT s ' C and xT s C T s j . 



Thus 9p(R p ) = R{i} tP for all p ^ £, and 6t(jV) = R{t\,t with 7£ as above. The map b i-> (bTg,bT s ) 
yields an identification -B^/i?^ ~ £(£,s), and the reduction map 

B X AR X ~ £(5, 5 ) ^ £(5, S ) ~ 

sends bR x = \\b p R x to = U b 'p R {£}, P where 6 p = °P%) and ^ = &t(^l) Vt for 

^ = ord£(nr(6^)). We finally obtain a reduction map 

Aui°(£ g )\B*/R>< ~ F(5 fl ) n Y(£ s ) ~ B* } \£ { y£* } 

where End°(5 9 ) embeds in I? through its action on V = Hi(£ s (C),Q). 

4.10 The supersingular reduction of CM points 

We now assume that I is inert in K, and let £ be the Neron model over O of an elliptic curve 
with complex multiplication by K, i.e. End°(£ 9 ) = K. Then £ s is indeed supersingular, Y(£ g ) = 
CMk and Y ss (£ s ) = Y ss (¥i), the set of supersingular points in Y(¥i). We have now identified the 
geometric reduction map 

red: CM K ^Y ss (F e ) (22) 
with the adelic reduction map which we had previously considered. 

Remark 4. The surjectivity of (|22p implies that Y ss (¥i) C y(F[oo]). On the other hand, class field 
theory shows that F[oo] ~ Fp. We thus retrieve the well-known fact that Y ss (¥i) C Y(Wp). 

The main correspondence between Heegner points and optimal embeddings. Let now c be a positive 
integer satisfying (c, IN) = 1 and let O c be the corresponding order in K. As a consequence of the 
above identifications, our Corollary 13.21 implies the following: 

Corollary 4.1. Let s e Y ss (¥e) be a supersingular point. Choose [E,C] = s and define 

R s = End(£, C) = |a € End(£) : ct(C) C c} . 

There is a one-to-one correspondence between the following two sets: 

Rg — conjugacy classes of 



Points x S CM.K on Y 
of conductor c reducing to s 



conjugate pairs of 
optimal embeddings O c R s 
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Remark 5. This was precisely the correspondence needed in |JK10| to translate the equidistribution 
question for Heegner points to a question about optimal embeddings. It is shown in [JKlOt §4.1] 
that the latter relates to counting primitive representations of integers by ternary quadratic forms. 
For c = 1, the above correspondence is known as Deuring lifting theorem (see [Deu41] ) and has 
been subsequently refined (as a correspondence) by Gross and Zagier [GZ85, Prop. 2. 7]. 

Remark 6. The left-to-right map in Corollary 14.11 is rather natural. Let (E,C) be an enhanced 
elliptic curve over Q with complex multiplication by K and coarse conductor c. Extend (E, C) to 
an enhanced elliptic curve (£, C) over O and suppose that (£ s , C s ) ~ (E, C). A choice of isomorphisms 
(£ S ,C S ) ^> (E,C) and K — End°(£,C) yields an embedding O c ^ R s , and the resulting R*- 
conjugacy class of pairs of conjugate embeddings does not depend upon these two choices. Since 
I \ c, it is still fairly straightforward to verify that the embeddings thus obtained are optimal. What 
is not obvious is that this construction gives a one-to-one correspondence. This is precisely what we 
establish in our Theorem 13.11 in a greater generality for quaternion algebras. 

Acknowledgements 

We would like to thank Dick Gross, David Jao, Ben Kane, Philippe Michel, Ken Ribet and Nicolas 
Templier for helpful discussions. 

References 

Bas63 H. Bass, On the ubiquity of Gorenstein rings, Math. Z. (1963), no. 82, 8-28. 

Car86 H. Carayol, Sur la mauvaise reduction des courbes de Shimura, Compositio Math. 59 (1986), no. 2, 
151-230. 

Cor02 C. Cornut, Mazur's conjecture on higher Heegner points, Invent. Math. 148 (2002), no. 3, 495-523. 
Cox89 D. Cox, Primes of the form x 2 + ny 2 , Wiley, New York, NY, 1989. 

CV05 C. Cornut and V. Vatsal, CM points and quaternion algebras, Doc. Math. 10 (2005), 263-309 
(electronic). 

CV07 , Nontriviality of Rankin- Selberg L-functions and CM points, L-functions and Galois rep- 
resentations, London Math. Soc. Lecture Note Ser., vol. 320, Cambridge Univ. Press, Cambridge, 
2007, pp. 121-186. 

Deu41 M. Deuring, Die Typen der Multiplikatorenringe elliptischer Funktionenkorpen, Abh. Math. Sem. 
Hansischen Univ., vol. 14, 1941, pp. 197-272. 

DR73 P. Deligne and M. Rapoport, Les schemas de modules de courbes elliptiques, Modular functions of 
one variable, II (Proc. Internat. Summer School, Univ. Antwerp, Antwerp, 1972) (Berlin), Springer, 
1973, pp. 143-316. Lecture Notes in Math., Vol. 349. 

Gro87 B. H. Gross, Heights and the special values of L -series, Number theory (Montreal, Que., 1985), CMS 
Conf. Proc, vol. 7, Amer. Math. Soc, Providence, RI, 1987, pp. 115-187. 

GZ85 B. Gross and D. Zagier, On singular moduli, J. Reine Angew. Math. 355 (1985), 191-220. 

HM06 G. Harcos and P. Michel, The subconvexity problem for Rankin- Selberg L-functions and equidistri- 
bution of Heegner points. II, Invent. Math. 163 (2006), no. 3, 581-655. 

JK10 D. Jetchev and B. Kane, Equidistribution of Heegner points and ternary quadratic forms, Math. 
Annalen (2010), to appear. 

KM85 N. M. Katz and B. Mazur, Arithmetic moduli of elliptic curves, Princeton University Press, Prince- 
ton, N.J., 1985. 

Mic04 P. Michel, The subconvexity problem for Rankin- Selberg L-functions and equidistribution of Heegner 
points, Ann. of Math. (2) 160 (2004), no. 1, 185-236. 

Mil06 J. Milne, Complex multiplication, http://www.jmilne.org/math/CourseNotes/CM.pdf (2006). 

16 



Reduction maps 



Mil07 , The fundamental theorem of complex multiplication, 

http : //www . jmilne . org/math/articles/2007c . pdf (2007). 

MollOa S. Molina, Equations of hyperelliptic Shimura curves, preprint (2010). 

MollOb , Ribet bimodules and the specialization of Heegner points, preprint (2010). 

Rib90 K. A. Ribet, On modular representations o/Gal(Q/Q) arising from modular forms, Invent. Math. 
100 (1990), no. 2, 431-476. 

ST68 J-R Serre and J. T. Tate, Good reduction of abelian varieties, Ann. of Math. (2) 88 (1968), 492-517. 

Vat02 V. Vatsal, Uniform distribution of Heegner points, Invent. Math. 148 (2002), no. 1, 1-46. 

Vig80 M.-F. Vigneras, Arithmetique des algebres de quaternions, Lecture Notes in Mathematics, vol. 800, 
Springer, Berlin, 1980. 



Christophe Cornut cornut@math.jussieu.fr 



Institut de Mathematiques de Jussieu, 175 rue du Chevaleret, 75013 Paris, France 



Dimitar Jetchev dimitar.jetchev@epfl.ch 

Ecole Polytechnique Federale de Lausanne, Lausanne, Switzerland 



17 



